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ORGANIZATION OF THE LECTURE

® Electronic structure of bilayer graphene
® Electronic structure of trilayer graphene
® Electronic structure of multilayer graphene

@ References for further reading




UNIT CELL OF AB STACKED BILAYER
GRAPHENE

® Four atoms in a unit cell

A2
® Second carbon layer is rotated by 60° e

: ~ —10
@ Interlayer spacing a =~ 3.35x10 . e
Al Bl

® Interlayer asymmetry opens an energy gap




® Spatial arrangement of AB stacked bilayer
graphene
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® Where S(k) is as same as in the case of single
layer graphene:
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THE DIAGONALIZATION OF
HAMILTONIAN

@ After the diagonalization we obtain four
possible eigenvalues:

oFE (k)= i%tl i\/%tf + ¢2|S (k) |2

@ Near the K, K’ points, there are two low
energy branches:

R 21c(n 12 2 .2 N
oy} (k)zitls(k)l th*,whereﬁ’zk—Kor

t, 2m

—

§=k—K'




® Yo = 3.033eV, y; = 0.39eV




COMPARISON OF SINGLE LAYER AND
BILAYER DISPERSION RELATIONS

@ Singlelayer

® E(E) = it|S(§)| ~ vrq, Where vy is the Fermi
velocity. We easily observe that the
dispersion relation is linear in g

@ Bilayer

- t2|S(k)12 _ h2q? .
©E (k) = 't( IS 2—1;’*, we easily observe
1

that the dispersion relation is quadratic in g




LOW ENERGY EFFECTIVE
HAMILTONIAN

@ The low energy Hamiltonian can be obtained by
applying a Schrieffer-Wolff transformation.

@ The Schrodinger equation can be written as:
E.,. —tS(k)cap = 0
—tS*(k)cgy + Ec,, —tiCs, =0
~ticpr + Ec, - tS(k)car = 0
—tS*(k)cgy + E.., =0

CB2




@ Expressing c,1 and cp, in the terms of the other two ¢; and
assuming |E| < |t,| and [tS(k)| < t; and keeping terms up
to 1/t, we obtain:

5 (k)2
ECAl + tJ_ Cpy = 0
|155*(k)|2

@ Itis possible to express these two equations as a single
Schrodinger equation with a two component Hamiltonian:

2
_ 0 A ia
© A =5 (P: — ity) , where we have used
(Px-Flpy) 0
S(k) ~ ”(519 +ip ) valid for pa/h « 1 and m* =

v,/ (2v)




TAKING INTO ACCOUNT MORE
REMOTE HOPPINGS




LIFTSHITZ TRANSITIONS

® y, deforms the isoenergy lines producing so called trigonal
warping.
® At very low energies E = 1meV this leads to a Lifshitz

transition. The isoenergy line is broken into four pockets,
one central and three leg parts.

@ Further ref: European Physical Journal Special Topics, 148
(1). pp. 91-103.




APPLYING A VOLTAGE

® We apply a voltage perpendicular to the
carbon planes. The process is described by
the Hamiltonian:

" V/2  tS(k) oty 0
ts*(k) V/2 0 0
@H = ( ) / R
t, 0 —V/2 tS*(k)
0 0 tS(k) -Vv/2




@ By diagonalizing the Hamiltonian we obtain following
energy levels:

- - 2 2 2 -
© E}(k) = 2|S(0)|2 + L+ — % |2+ (¢ + VO)r2|S (k)2

® Near K, K’

® We conclude that adding an external bias can open a
bandgap.




TWISTE

® A-B stac

obtained w

Ked

D BILAYER GRAPHENE

bilayer graphene is an ideal case

. . T
nen interlayer rotations are 3

® In nature there are imperfections which
more or less differ from the A-B stacked

case.




® Our next goal is to briefly discuss the theory of
twislted bilayer graphene with a small twist
angle.

® Twisting the layers by a small angle with respect
to each other significantly increases the number
of atoms in a unit cell (for example twisting the
layers for 8 = 2.1° causes the unit cell to contain
2884 atoms)

@ Due to the large number of atoms per unit cell
the nearest neighbor approach is not
mathematically easily applicable and a
perturbative approach can be used instead




MAIN RESULTS OF THE
PERTURBATIVE APPROACH

@ The low energy dispersion is linear as in the case
of single layer

@ In contrast to bilayer graphene a perpendicular
electric field does not open a gap

@ Further ref: Phys Rev Lett 99, 256802 (2007)




® For few layer graphene different stacking
orders are possible.

® We will shortly discuss the possible stacking
orders of trilayer graphene.




TRILAYER GRAPHENE

a ABA trilayer b ABC trilayer




UNIT CELL OF TRILAYER GRAPHENE
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TIGHT BINDING MODEL OF ABC
TRILAYER GRAPHENE

‘D, V W

oH=|V" D, V

wT vt D;

V1 _7747T+
ow =0 72/%, v = 3/D)ani/h,
T =¢py + Dy, nt = SPx — Lpy



SPECTRUM OF THE HAMILTONIAN

1F -

05 ¢+

vp /Y,

® Band dispersion in the vicinity of K, along p,
® Yo = 3.16eV,y; = 0.39eV,y, = —0.020eV/,
® y3 = 0.315eV,y, = 0.044eV




EFFECTIVE TWO LEVEL
HAMILTONIAN (LOW ENERGY LIMIT)

@ Using Lowdin partitioning we obtain :

o B = H, + Ay, + Hyo + Hyy + Hay

3
® Hy = ;13 0 (”T)]
7T

® sy = (— zv;]/ipz + y;) (1) é
o= ()7

@HAl—Al(l_vp

)lo _1]

@HA2=A2(1—3”)[$




DISPERSION RELATION

@ Near the K,K’ points the dispersion relation
o Ty o EISEOP
is: E(k) =

t)*

X iq?’

® So we conclude that ABC stacked graphene
has cubic touching of the conduction and
valence bands.




ABA STACKED THREE LAYER

GRAPHENE
‘D, V W
® ﬁ — V-I- Dz V
wt vt Db,
® Dl- _ Ui von_l-
voﬂ'-l- Ui
oV = [_UAI_TL'T vgn—l-:|
V1 U4
V2/2 0




THE LOW ENERGY HAMILTONIAN

@ Considering only the largest inter layer
hopping term, and following the same
procedure as in ABC stacked graphene we
obtain the low energy Hamiltonian:

0 va' 0 O]

oh=|vr 0 0 0

0 0 0 x
0 0 xT 0.
2t
® Where x = ——




DISPERSION RELATION NEAR THE
E=0

@ There are four low energy bands. Two
disperse lineary and two disperse quadraticly
(as in bilayer).

® Ex = tvp|k|
2
oF =+ 4 |44 p2)k)?
2 2 K

@ Comparing ABA and ABC we see that the
dispersion depends on the order of stacking.
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